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Abstract
A self-consistent model is developed to investigate attachment / detach-
ment kinetics of two soft, deformable microspheres with irregular surface and
coated with flexible binding ligands. The model highlights how the microscale
binding kinetics of these ligands as well as the attractive/repulsive potential of
the charged surface affects the static deformed configuration of the spheres. It
is shown that in the limit of smooth, neutral charged surface (i.e., the Debye
length, κ → ∞), interacting via elastic binders (i.e., the stiffness coefficient,
λ → 0) the adhesion mechanics approaches the regime of application of the
JKR theory, and in this particular limit, the contact radius scales with the
particle radius, according to the scaling law, Rc ∝ R2/3. We show that adhesion
dominates in larger particles with highly charged surface and with resilient
binders. Normal stress distribution within the contact area fluctuates with the
binder stiffness coefficient, from a maximum at the center to a maximum at
the periphery of the region. Surface heterogeneities result in a diminished
adhesion with a distinct reduction in the pull off force, larger separation
gap, weaker normal stress and limited area of adhesion. These results are in
aggrement with the published experimental findings.
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1 Introduction
Biological adhesion is couched in a very different vocabulary from the mechani-
cal adhesion theory, although there is a tremendous overlap of applications [42].
Examples include binding of bacterial clusters to medical implants or host cell
surfaces during infection [44], cancer cell metastasis [27], coalescence of medical
gels with functionalized particles or micro-bubbles for targeted drug delivery [32]
and more recent applications in Micro-Electro-Mechanical Systems (MEMS) and
nanotechnology [43]. Molecular bioadhesion is commonly mediated by specific lig-
and interactions, e.g., the ligand-mediated surface adhesion is an important case in
the experimental studies of the P-selectin/PSGL-1 catch bond interactions of leuko-
cytes (a roughly spherical particle) with and without fluid flow [26]. The adhesive
properties of biological surfaces connected by multiple independent tethers are also
presently inspiring the development of novel adhesives mimicking the remarkable
properties of beetle and gecko feet [41]. Several other applications as well as in
vivo and in silico studies of biological adhesion are listed in [24, 37, 15, 21, 44].
However, the models and the experiments listed in these references fail to capture
the coupled effects of ligand mediated adhesion interrelated with the nonlinear
mechanics of surface deformation. Therefore the motivation of this article is to
develop a unified theory and approach that can capture these coupled effects.
The theoretical modelling of the adhesion of deformed, charged, spherical
surfaces presents significant challenges. Early work utilised simple Hertzian de-
formation characteristics assuming that the spheres were elastic indentors [16] but
adhesion was unsustainable in that approach since the attractive, pull off force and
the area of contact is zero at detachment. Subsequently, two major theories were
developed within the elastic framework: the Johnson-Kendall-Roberts (JKR) [20]
and the Derjaguin-Muller-Toporov (DMT) [7] theories. The JKR theory assumes
that the adhesive forces act within the contact region but are absent outside of it,
resulting in infinite normal stress either at the center or at the edge of the contact
zone. The DMT theory deploys cohesive surface forces outside the contact zone,
while retaining the Hertzian force-deformation characteristics in the core. This
results in the adhesive stress being zero inside the contact area and finite outside
it. Unlike the DMT case, JKR theory predicts a non-zero adhesion area at the
critical separation gap at pull-off. These two apparently contradictory theories were
described as opposite extremes of a parameter by Tabor [39].
The adhesive forces are composed of numerous physical processes all of which
determines the fate of the binding surfaces including ligand-receptor binding kinet-
ics [6], surface deformation and the related mechanical stresses due to the elastic
forces [17], excluded volume effects and paramagnetism [13], and multiscale short
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range interactions [32]. Consequently, many detailed kinetic models have suc-
cessfully, yet independently, described these physical features imperative in the
adhesion-fragmentation processes. Schwarz et al. [23] and more recently Mahade-
van et al. [25] studied the biological adhesion between the ligand coated wall and a
rigid sphere moving in a shear flow. A similar model by Seifert et al. [2] described
the membrane adhesion via Langevin simulations. On the contrary, the macro-scale
phase-field models describe the geometry of aggregates as a continuum mass of ex-
tracellular polymeric substance and predict the stability of the anisotropic structures
in a flowing medium [5]. However, a bridge between the receptor bond kinetics and
the deformation of the elastic surface, detailing the several, multi-scale, interrelated
phenomena in the adhesion process is still missing [22], but is now addressed here.
The aim of this article is to develop and investigate a unified, multi-scale model
(with spatial variation at the nano-micro level) of the adhesion kinetics of the ligand
smeared spheres integrated with the mechanics of solid, micro-particles with soft,
deformable material and with heterogeneous surfaces. Our model is important
case from an experimental perspective. For example, consider the experiments by
Sokurenko et al. [34, 35] which reveal the catch bond interactions of FimH proteins
attached to the surface of E. coli in stagnant conditions. In the next section, we
present a comprehensive description of a self-consistent model, including the bond
mechanics (§2.1), long range interactions via charged surfaces (§2.2), micro-scale
binding forces on the particle surface (§2.3), the calculation of the adhesion area of
deformed irregular surface (§2.4), the normal stress distribution, pull off force and
adhesion energy (§2.5). Section 3 highlights the numerical outcomes of the case
studies of the static, deformed configuration of the ligand coated spheres in a select
range of material parameters, which concludes (§4) with a brief discussion of the
implication of these results and the focus of our future directions.
2 Mathematical model: binder kinetics, long range
interactions, forces and contact area
This section describes the adhesion mechanics of two static, heterogeneously
charged, deformable, solid, equal sized, spherical microparticles (figure 1). The
spheres deform normal to the surface and adhere within well-defined disc-like
patches. Adhesion is achieved via the attachment/detachment of the binders (i.e.,
polymer strands with sticky heads) normal to the adhering surface [32, 33]. A
heterogeneously charged surface is characterized by a fraction, Θ, which denotes
the real area of adhesion (details given in §2.4).
Further, the binder kinetics is assumed to be independent of the salt concen-
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Figure 1: A schematic of two static, deformed spheres coated with an adhesive,
modelled via the binding ligands (§2.1). The symbol (Rm) denotes the local frame
of reference, with the origin Om fixed on the surface of sphere 2 along the line
joining the centre of the sphere.
tration (i.e. the spring stiffness is independent of the Debye length and the zeta
potential). This implies that we are neglecting the electro-viscous stresses [38].
Due to the relatively large micron-size scale, the binding kinetics of these spheres
are significantly different from the core-shell nano-crystal interactions, which are
applicable at much smaller scales [10]. The next few subsections presents detailed
aspect of this model.
2.1 Binder kinetics
Figure 1 illustrates the model of the interfacial attachment of two deformed spheres,
with an identical size of radius R (when undeformed). To simplify the visualisation
of the system, consider a local frame, (Ol), with origin O, fixed on the surface of
the sphere 2 at a point equidistant from the edge of the separation gap. In this frame
of reference, the unit vectors er, ez denote the directions, radial and normal to the
surface, respectively. Let ζ (r) denote the net, axis-symmetric deformation of either
of the spheres (i.e. the deformation of the sphere surface minus the rigid translation
in the transverse direction) and r is the distance from the centre, O, along the radial
direction. Thus, the separation gap between the spheres is 2D(r) = 2(ζ (r)+ l0).
The binders are idealized as linear Hookean springs with stiffness λ and l0 the mean
rest length. Define ATotg(r)dA as the number of bonds that are attached within the
surface dA, where ATot is the bond density per unit area. Thus, the total number
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of bonds formed is
∫
Ac ATotg(r)dA , where Ac is the area of adhesion (refer §2.4).
In established research on colloids, the function g is synonymous with the term
sticking probability [36].
The forward and reverse reaction rates for the ligand binding are written as
Boltzmann distributions, allowing highly stretched bonds to be readily broken
by thermal energy fluctuations as well as due to the interaction potential, W (D),
arising from charged surfaces (see §2.2). With these degrees of freedom, the bond
attachment/detachment rates are
Kon(r) = Kon,eq exp
[−λs(D(r)− l0)2+W (D(r))
2kBT
]
,
Koff(r) = Koff,eq exp
[
(λ −λs)(D(r)− l0)2+W (D(r))
2kBT
]
, (1)
where kB is the Boltzmann constant, T is the temperature, λs is the spring constant
of the transition state (see Dembo et al. [6]) used to distinguish the catch bonds
(λ < λs) from slip bonds (λ > λs). In the limit of small binding affinity and
abundant ligands on the binding surface (i.e., Keq = ATotKon, eq/Koff, eq 1), the bond
ligand density evolves in accordance with [6, 17, 29]
dg
dt
= ATotKon−Koffg , g = 0 for x≥ Rc , (2)
However, in the case of static adhesion, assuming that the attachment/detachment
rates of the flocs are sufficiently rapid so that the non-equilibrium binding kinetics
can be ignored (i.e., set dgdt = 0 in Eqn.(2)), the evolution of the ligand bond density
reduces to
g(D) = Keq exp
[−λ (D(r)− l0)2
2kBT
]
(3)
We remark that g ∈ [0,Keq] and in the limit of small binding affinity (Keq 1), this
value cannot exceed 1. In further description of the model we denote D(r) ≡ D,
without loss of generalisation.
2.2 Long range interactions
Derjaguin, Landau, Verwey and Overbeek (DLVO) theory is utilized to describe
the interaction between the charged cell surfaces via a surface potential W (D)
(in Eqn. (1)). The current study incorporates the effects of Coulombic repulsion
and Van der Waals attraction only. Other interactions including hydration effects,
hydrophobic attraction, short range steric repulsion, and polymer bridging, which
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are absent in the length scales of our interest, are neglected [14]. For two charged
spheres, with an identical size of radius R, the potential due to the Coulombic force
in a gap of size 2D is
WC(D) = 2piε0εψ2Re−2κD, (4)
where κ is the Debye length, ε and ε0 are the dielectric constant of vacuum and the
medium, respectively, and ψ is the average zeta potential or the electric potential
of the diffuse cloud of charged counterions. The potential due to the Van der Waal
forces for these spherical particles within the same gap width is
WVW(D) =− AR24D , (5)
where A is the Hamaker constant measuring the van der Waal ‘two-body’ pair-wise
interaction for macroscopic spherical objects.
2.3 Microscale forces
We non-dimensionalize the length scales with respect to the undisturbed radius of
the cell, R, and introduce the following dimensionless variables denoted by bar (¯),
D = D¯R, Kon = K¯onKon,eq , Koff = K¯offKoff,eq , g = g¯Keq. (6)
Further, let us introduce the following non-dimensional parameters,
γ =
λ l20
kBT
, λ¯s =
λs
λ
, ε =
l0
R
. (7)
Then, the non-dimensional form of the reaction rates, Eqn. (1) and the bond density
evolution Eqn. (2), are
K¯on = exp
[
− λ¯s γ2ε2 (D¯− ε)
2+W¯ (D)
]
,
K¯off = exp
[
(1− λ¯s) γ2ε2 (D¯− ε)
2+W¯ (D)
]
, (8)
g¯(r) = e−
γ
ε2
(D¯−ε)2
, (9)
where W¯ (D) = W (D)/(2kBT ). To evaluate the microscale forces, consider one
individual bond formed between two points on the surface of the spheres (say, point
P1 on sphere 1 and point P2 on sphere 2, figure 1). The instantaneous force it exerts
on the two spheres has three components normal to the surface: an extensional
force related to bond stretching given by Hooke’s law, f E = λ (D− l0)ez ; force
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due to Coulombic repulsion, fC = ∇WC(D)ez and van der Waal attraction, fVW =
∇WVW (D)ez . The operator, ∇, denotes the derivative with respect to D. Thus, the
microscale point force due to one bound ligand is [29],
f (r) = fE + fC + fVW . (10)
2.4 Contact area of heterogeneously charged spheres
Previous experimental studies have revealed that surface heterogeneities severely
hinders particle adhesion [12]. An irregular surface can have variations ranging
from those which are larger in size than the local separation gap, to the nanome-
ter scale heterogeneities which has a scale much smaller than the local asperity
curvature. Thus the study of real contact is a multiscale problem [9]. This work
considers nanometer scale heterogeneities, much smaller than the radii of the mi-
cron sized particles, but comparable in size to the separation distance. Thus, the
heterogeneities can be assumed to be uniformly, spatially distributed. We charac-
terize a heterogeneous surface by the fraction, Θ, such that area of adhesion of the
two spheres is Ac =ΘpiR2c , where Rc is the contact radius (and Θ= 1.0 coincides
with smooth surfaces, figure 1). In further description we develop the theory for
frictionless, smooth interacting surfaces, which can be readily extended for the
heterogeneous case (§3.3).
Although the contacting surfaces never really touch, we treat the elastic surface
deflection of the spheres as if they were plain, solid particles [16]. According to the
half-space theory, for a given axisymmetric normal point force, f (r), the normal
surface displacement, ζ (r), is given by (Eqn. 3.22b in [18])
ζ (r) =
(
1−ν2
piE
)
f0
∫ Rc
0
4t
t+ r
f¯ (r)g¯(r)K(k)dt, (11)
where ν and E are the Poisson ratio and the Young modulus of the elastic spheres,
respectively, and f0 = λ l0. K(k) is the complete elliptic integral of the first kind,
and k = 2
√
tr/(t+r). For a consistent solution, we require that the microscale forces
arising from the ligand kinetics to vanish at the edge of the contact, i.e.,
f¯ (ζ1)|r=Rc = 0,
d f¯
dζ
∣∣∣
ζ1,r=Rc
> 0. (12)
The coupled system of Eqns. (11, 12) is numerically solved to estimate the static
equilibrium displacement, ζ1(r), and the contact radius, Rc. The second constraint
in Eqn. (12) is imposed to distinguish the solution from the other equilibrium
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deformation, ζ0(r) (e.g., shown in figure 5a), where
f¯ (ζ0)|r=Rc = 0,
d f¯
dζ
∣∣∣
ζ0,r=Rc
< 0. (13)
2.5 Normal stresses
The normal stresses produced by a concentrated normal force, f (r) acting within a
circular area (of radius Rc) on the surface of an elastic half-space (Eqn. 3.20a and
3.20c in [18]) are
σr =
(
1−2ν
2pi
)
f0
R2
∫ Rc
0
∫ 2pi
0
f¯ (t)g¯(t)
s2(r, t)
t dθ dt
= (1−2ν) f0
R2
∫ Rc
0
f¯ (t)g¯(t)
|r2− t2| t dt, (14)
along the radial direction, and
σz = lim
z→0
F0
R2
∫ Rc
0
∫ 2pi
0
−3 f¯ (t)g¯(t)
2pi
z3
(s2(r, t)+ z2)5/2
t dθ dt
= lim
z→0
27
384
F0
R2
∫ Rc
0
z3
r5/2t3/2
f¯ (t)g¯(t)q
(
r2+ t2+ z2
tr
)
dt, (15)
along the direction normal to the surface. F0 = Keq f0. The normal stress on the
surface of the deforming spheres along the angular direction is, σθ = −σr (Eqn.
3.20b in [18]), and therefore not described here. s(r, t) =
√
r2+ t2−2tr cosθ is
the distance between the position of the application of the normal force, t, and the
position where the deformation is evaluated, r, inside the area of contact (see figure
3.6 in [18] for description). The function q(x) is defined by
q(x) = p−5/2
[
1− 1
5
(
5
2
)
p
x
. . .+
(
− p
x
)n 4!
(n+3)!
(−5/2
n
)
+ . . .
]
, (16)
and p = x2 −
√
|( x2)2−1|. We remark that the angular integration in Eqns. (14,15)
are solved analytically by calculating appropriate residues of singularities inside a
unit circle in the complex plane [1]. Further note that, depending on the material
properties, the normal stresses are singular at selected points inside the region of
adhesion (e.g., consider the case studies presented in figure 4a).
Next, define the total microscale force arising from all the bound ligands on the
sphere surface, as
F(ζ (r)) =−2piF0
∫ Rc
0
g¯(r) f¯ (r)r¯ dr¯, (17)
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and the adhesive force as the total force within the range of equilibrium deformations
where the microscale force is attractive
Fa(ζ (r)) = {F(ζ (r)) | ζ0(r)≤ ζ (r)≤ ζ1(r)} . (18)
The pull off force is defined as the maximum attractive force given by
Fpull = min
0≤r≤Rc
{
Fa(ζc(r)) | (dF/dζ)ζc(r) = 0
}
, (19)
and the adhesion energy, w, is the work done against this adhesive force to cleave
two identical spherical surface,
w =−F0R
∫ Rc
0
r¯dr¯
∫ ζ1(r)
ζ0(r)
g¯(r) f¯ (r)dζ¯ . (20)
Finally, eqns. (8–20) represent the system of equations that fully describe the
binding kinetics of two deformed, heterogeneously charged, static spheres. The next
section describes the numerical results and exposits the biophysical implications of
this system.
3 Results and discussion
The values of the material parameter used in our numerical calculations are listed
in Table 1. The parameter values are chosen so that they closely replicate the static
ligand-receptor kinetics of neutrophiles. For example, the P-selectine molecule
extends about 40 nm from the endothelial cell membrane, so when combined
with its ligand PSGL-1 it is reasonable to take l0 ≈ 100 nm as an estimate of
the length of the unstressed bond [31]. Typically, neutrophils have a size of R≈
1−10µm which gives the length ratio ε ≈ 0.1−0.01 (equation (6)). Hochmuth [31]
measured variations of up to eight orders of magnitude in vivo for the values of
the microvillus stiffness, λ , as well as the membrane tension of an undisturbed
cell. Direct measurements of the parameters, ATot, Kon,eq and Koff,eq are scarce,
although values in several thousands have been used in previous models [15].
Fang [28] estimated the Young’s modulus, E, and the poisson ratio, ν , for a variety
of hydrated polyacrylamide (PAA) gels with embedded impurities, which mimicks
the elastic modulus of the soft material of the cells. The dielectric constant in
vacuum is ε0 = 8.854× 10−12 Farad m−1, whereas the permittivity of water at
temperature 25◦C is ε = 78.5 (not to be confused with ε which is a length ratio in
Eqn. (6)). A zeta potential of ψ = 25 mV is chosen which corresponds to the surface
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Table 1: Parameters common to all numerical results and used in studies of the
system of equations ((8)–(20)).
Parameter Value Units Source
ATot 109 m−2 [15]
Kon, eq 102 s−1 [15]
Koff, eq 1014 s−1 [15]
λ 10−8−1 N m−1 [25]
l0 10−7 m [31]
R (1−10)×10−6 m [31]
E 5 kPa [28]
ν 0.48 − [28]
potential studies in [14], Chap-3. The Boltzmann factor is taken as kBT=4×10−21J.
The Hamaker constant measuring the macroscopic Van der Waal sphere-sphere
interaction is fixed at A = 2.44kBT [14]. In the next two sections, we address the
static equilibrium of the attachment of two smooth, deformed, charged spheres
interacting via flexible tethers.
3.1 Experimental validation
The self-consistent system of nonlinear integral Eqns. (11), (12) are numerically
solved using the adaptive Lobatto quadrature (via Matlab function quadl) to calcu-
late the unknowns, ζ , the net deformation and Rc, the radius of contact for static
adhesion. We do not wish to study the effect of the material properties of the
particle on the ligand induced adhesion kinetics and therefore the Young’s modulus
is fixed at E = 5 kPa (refer table 1).
We note that in the limit of smooth, neutrally charged spheres (i.e., the Debye
length, κ→∞) and in the case of perfect adhesion via highly elastic binders (i.e., the
spring stiffness coefficient, λ → 0), the adhesive force (Eqn. (10)) reduces to that
of a purely attractive van der Waal case (i.e., f (r)→ fVW ) and the adhesion energy,
w→ ∞ (since the equilibrium deformations, ζ0→ 0, ζ1→ ∞, Eqn. (12, 13, 20)).
Eqn. (11) can be evaluated analytically, yielding the net deformation ζ =O(R1/3).
This is the case of a strong surface adhesion and significant deformation and in this
regime the JKR theory applies [20], which predicts the relationship between the
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contact radius and the particle size as follows
R3c =
Rh
K
{
Fpull+3piRhw+
√
6piRhwFpull+(3piRhw)2
}
, (21)
where Rh = R/2 is the harmonic mean of the radii of the two spheres. In the limit of
strong adhesion (i.e., w→ ∞), the JKR theory (Eqn. (21)) predicts the scaling law:
Rc ∝ R2/3.
Another approach to analyze this case would be to estimate the Tabor parame-
ter [39], µ = Rw
2
G2ζ 30
, which is the ratio of the elastic displacement of the surface at the
point of separation (pull-off) to the effective range of surface forces characterized by
the equilibrium gap, ζ0, at which adhesive forces vanish. G= E/1−ν2 is the effective
elastic modulus of the microspheres. In the limiting case of purely attractive van
der Waal force, the adhesion energy w→ ∞, and the equilibrium spacing ζ0→ 0,
which implies that the Tabor parameter µ → ∞, which is the region of application
of the JKR theory.
As a preliminary step, the model was validated with the experimental data
reported by Pincet et al. [4] in the JKR regime, i.e., when the deformation is
substantial and the Tabor ratio is larger than one. This is achieved by fixing the
model parameters at λ = 10−8Nm−1 and κ = 5.0. The closeness of fit between
the model (highlighted by the solid lines) and the experimental data points, for
variable contact radius, Rc, versus the elastic modulus, KE , is shown in figure 2a
and for adhesion energy (wJKR =−2Fpull/(3piRh) for solid homogeneous spheres,
as predicted by the JKR theory) versus the particle size, R, is presented in figure 2b,
respectively. The error bars represent the maximum and minimum deviation from
the sample points and set at 3% margin of error. In figure 2a, the slope of the
line estimates the value of the elastic modulus K = 3556 (in Eqn. (21)) which is
in excellent agreement with reported experimental literature [11, 4]. Notice the
linear scaling relationship between the contact radius and the particle size (figure 2a
(Inset)) accurately which is captured by the model.
3.2 Force, normal stress, contact area, adhesion energy
Next, we explored the binder kinematics (i.e., the magnitude of the pull off force
figure 3a) of the elastic spheres versus the binder stiffness, λ , in different ionic
conditions affecting the screening length, κ , and variable particle size, R. In
general, strong adhesion (represented by a greater magnitude of the pull off force)
is observed for larger particles and highly charged surface (i.e., shorter screening
lengths, κ). Since the area of adhesion is proportional to the size of the particle (e.g.,
11
(a) KE vs. R3c , (Inset) Rc vs. R
2/3 (b) Adhesion energy, w, vs. R
Figure 2: (a) Parameter KE = Rh[Fpull+3piRhw+
√
6piRhwFpull+(3piRhw)2] ver-
sus contact radius, R3c . (Inset) contact radius versus particle radius, R. (b) Adhesion
energy, w (Eqn. (20)), versus particle radius. The experimental data in figures (a)
and (a, Inset) are fitted with the proposed model in the JKR regime (Eqn. (21)). The
slope of the curve in this case gives the elastic modulus, K. In figure (b), the curve
represents the adhesion energy, wJKR = −2Fpull/(3piRh). The curves are fitted
within a 3% accuracy with the model parameters fixed at λ = 10−8Nm−1,κ = 5.0.
compare the radius of adhesion curves for particles of size 10µm versus those of
size 1µm in figure 4a), Jensen and colleagues [17, 29] have suggested that a bigger
adhesion region implies more ligands available for binding. Similarly, a shorter
screening length signifies a smaller separation distance between the interacting
surfaces, and hence a strong adhesion.
The nonlinear relation between the pull off force and the binder stiffness is
justified as follows. At close proximity, the short range Columbic force fC, pushes
the particle farther away. For sufficiently large separation gap, the bonds stretch
and the extension forces, f E (∝ Dc), tend to pull the surfaces close to each other.
However, inflexible bonds (e.g., consider the pull off force curves in the range
λ > 10−4Nm−1, figure 3a) yield and rupture quickly leading to a rapid decay
in the pull off force to a state where the spherical surfaces are free from nearly
all adhesive bonds. A feeble, non-zero pull off force for highly stiff binders (e.g.,
λ > 10−1Nm−1, figure 3a) and a small non-zero work of adhesion (e.g., figure 3c) is
due to adhesion triggered by the surface charges. Thus, the pull off force depends on
the critical separation gap, D¯c = D¯c(R,κ,λ ), (figure 3b), which varies nonlinearly
with the binder stiffness, ionic conditions of the interacting surface and the particle
size, which accounts for the non-linear variation versus the separation distance.
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(a) Magnitude of the pull off force (b) Critical separation distance
(c) Adhesion energy versus binder stiffness
Figure 3: Normalized (a) pull off force, Fpull/F0, (b) critical separation distance,
D¯c = R(ζc+ l0), where ζc is the critical deformation at pull off, and (c) adhesion
energy, w¯ = F0Rw, versus the binder stiffness coefficient, λ .
Altogether, the particle size, binder elasticity and the surface charge modulates
the ligand mediated adhesion kinetics. Bigger particles with highly charged surface
(represented by a shorter Debye length κ) coated with flexible tethers exhibit
compact binding with a higher magnitude of adhesive force (figure 4a). Dooki
et al. [8] provided an alternate analogy based on the adhesion energy of binding
surfaces (figure 3c) and again concluded that a strong adhesion (indicated by a
greater work done against the adhesive force to separate the two surfaces) is an
outcome of the above mentioned factors.
The normal stress distribution (σ¯z = σz/(F0/R2), figure 4b) revealed a peculiar
picture inside the area of contact: in case of flexible binders the stress is maximum
at the center of the contact region, while it is maximum at the boundary of the
region when the binders are stiff. Stress distribution profile gradually varies between
13
(a) Contact radius versus adhesive force (b) Normalized stress at κ = 1.0
Figure 4: (a) Contact radius, R¯c = RRc, versus the adhesive force, F¯a = F0Fa, and
(b) normal stress distribution, σ¯z = σz/(F0/R2), inside the contact region for particle
of size R = 1µm.
these two extremes as the binder stiffness is changed. These results allow for the
following physical interpretation: for elastic binders, the maximum compression
of the sphere surface occurs at the point of minimum separation, i.e., at the center
of the contact region. For stiff binders, the problem approaches that of a rigid
punch (the binders) penetrating an elastic half-space (the sphere). In the latter case,
Johnson [18] predicted that the normal stress becomes infinite at the periphery of the
contact region. In another numerical experiment, we found that the normal stress
reduces for weakly charged surfaces (i.e., longer screening length, κ), although the
qualitative profile remains the same, indicative of the case of weak adhesion for
moderately charged surfaces. The results of these experiments are not shown here
for conciseness.
3.3 Effects of surface heterogeneity
Finally, we report our numerical findings on the qualitative effects of the surface
heterogeneities on the mechanics of ligand-mediated sphere adhesion. To compre-
hend the impact of the irregularities, we define the reduction ratio of the pull off
force, δr, as
δr = 1−
Frpull
Fpull
, (22)
where Frpull is the pull off force for a rough surface.
Surface heterogeneity significantly weakens particle adhesion. For example,
for charged spherical particles coated with elastic binders (i.e., κ = 1.0,λ = 10−5
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Nm−1, figure 5a), the pull off force reduces from Fpull =−0.27 for smooth surfaces
(Θ= 1.0) to Fpull =−0.18 for moderately rough surface (Θ= 0.1), with a reduction
of δr = 0.33. In the case of a highly jagged surface ((Θ= 0.01)), this force dwindles
to only Fpull =−0.02 (a reduction of 93%).
Highly erratic surface implies that the equilibrium separation gap is higher (e.g.,
consider the incremental shift in the critical gap at pull off, Dc(∝ ζ ), figure 5a),
while the normal stress is lower (figure 5b). Microparticles with irregular surface
are essentially undeformed at pull off. The adhesion area is small (figure 5c)
and this area shrinks as the surface heterogeneity increases. Conversely, smooth
microparticles adhere tenaciously due to a lower gap width, resulting in a strong
normal stress and a robust attractive force– a phenomena which has observed in a
variety of in vivo experiments by Toika et al. [40], later corroborated by Brach et
al. [3].
4 Conclusions
Section §2 presented a comprehensive, unified, multi-scale model for the adhesion
mechanics of two static, heterogeneously charged and deformable, solid, spherical
microparticles coated with binding ligands. Section §3 validates the model in the
regime of application of the JKR theory and underlines the role of particle size,
surface charge, binder elasticity and surface heterogeneity on the adhesion strength
of the coalescing particles. In particular, smooth, highly charged surface, covered
with flexible binders exhibit strong adhesion, indicated by a substantial increase in
the pull off force, closer separation, strong normal stress, higher adhesion energy
and enlarged area of adhesion. These observations have been corroborated in
numerous in vivo studies on ligand-mediated bioadhesion [15, 43].
The proposed model is a preliminary step to describe key features in ligand
mediated surface adhesion, coupled with the mechanics of deformed surface, hence
several issues still need to be addressed. For example, the nonlinearity of the micro-
scale forces can induce both tangential and an out of plane torsional shear [19]
thereby modifying the area of adhesion. Our approach also excludes spatial inho-
mogeneity arising through the material parameters, the effects of catch behavior
(λs > λ ), non-equilibrium binding effects, stochasticity and the discrete number
of bonds [44], material viscoelasticity (needed to fully describe the particle rhe-
ology [30]) as well as shearing forces large enough to tear the binding ligands
from their anchoring surface [41]. All these effects can lead to several non-trivial
behavior (including the possible presence of a hysteresis in contact radius-adhesive
force curves) that deserves a full numerical investigation in the near future.
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(a) Normalized force versus net deformation (b) Normalized stress distribution
(c) Contact radius versus adhesive force
Figure 5: Normalized (a) force, F/F0, versus net surface deformation, and (b)
normal stress distribution within the area of contact, and (c) contact radius, R¯c =
RRc, versus the adhesive force, F¯a = F0Fa, for particles of size R = 1µm. The
material parameters for these simulations is fixed at λ = 10−5Nm−1, κ = 1.0.
16
Acknowledgements
SS acknowledges the financial support from Dr. David Bortz in Dept. of Applied
Mathematics, University of Colorado, Boulder, where the work started initially.
Further, financial support of the Adelaide University startup funds and the Australian
Research Council Discovery grant DP150102385, are gratefully acknowledged.
References
[1] Ablowitz, M. J. and Fokas, A. S. (2003). Complex Variables: Introduction and
Applications. Cambridge University Press, 2nd edition.
[2] Bihr, T., Seifert, U., and Smith, A. S. (2012). Nucleation of ligand-receptor
domains in membrane adhesion. Physical Review Letters, 109(25):1–5.
[3] Cheng, W., Dunn, P. F., and Brach, R. M. (2002). Surface roughness effects on
microparticle adhesion. The Journal of Adhesion, 78:929–965.
[4] Chu, Y. S., Dufour, S., Thiery, J. P., Perez, E., and Pincet, F. (2005).
Johnson-kendall-roberts theory applied to living cells. Physical Rev. Letters,
94:028102(4).
[5] Cogan, N. G. (2004). The role of the biofilm matrix in structural development.
Mathematical Medicine and Biology, 21(2):147–166.
[6] Dembo, M., Torney, D. C., Saxman, K., and Hammer, D. (1988). The reaction-
limited kinetics of membrane-to-surface adhesion and detachment. Proceedings
of the Royal Society of London. Series B, 234(1274):55–83.
[7] Derjaguin, B. V., Muller, V. M., and Toporov, Y. P. (1975). Effect of con-
tact deformations on the adhesion of particles. J. Colloid Interface Science,
53(314):131–143.
[8] Dooki, A. S., Shodja, H. M., and Malekmotiei, L. (2015). The effect of the
physical properties of the substrate on the kinetics of cell adhesion and crawling
studied by an axisymmetric diffusion-energy balance coupled model. Soft matter,
11:3693–3705.
[9] Duffadar, R. D. and Davis, J. M. (2008). Dynamic adhesion behavior of
micrometer-scale particles flowing over patchy surfaces with nanoscale electro-
static heterogeneity. Journal of Colloid and Interface Science, 326(1):18–27.
17
[10] Duval, J. F. L., Pinheiro, J. P., and Van Leeuwen, H. P. (2008). Metal speciation
dynamics in monodisperse soft colloidal ligand suspensions. Journal of Physical
Chemistry A, 112(31):7137–7151.
[11] Evans, E. and Leung, A. (1984). Adhesivity and rigidity of erythrocyte mem-
brane in relation to wheat germ agglutinin binding. J. Cell Biology, 98(4):1201–
1208.
[12] Fang, B., Jiang, Y., Nusslein, K., Rotello, V., and Santore, M. (2015). Antimi-
crobial surfaces containing cationic nanoparticles: How immobilized, clustered,
and protruding cationic charge presentation affects killing activity and kinetics.
Colloids and Surfaces B – Biointerfaces, 125:255–263.
[13] Forest, M. G., Sircar, S., Wang, Q., and Zhou, R. (2006). Monodomain dy-
namics for rigid rod and platelet suspensions in strongly coupled coplanar linear
flow and magnetic fields. II. Kinetic theory. Physics of Fluids, 18(10):103102
1–14.
[14] Gregory, J. (2006). Particles in water: Properties and Processes. CRC Press,
Boca Raton.
[15] Hammer, D. A. and Tirrell, M. (1996). Biological Adhesion at Interfaces.
Annual Review of Materials Science, 26(1):651–691.
[16] Hertz, H. (1882). U¨ber die beru¨hrung fester elastischer ko¨rper. J. Reine Angew.
Math., 92:156.
[17] Hodges, S. R. and Jensen, O. E. (2002). Spreading and peeling dynamics in a
model of cell adhesion. Journal of Fluid Mechanics, 460:381–409.
[18] Johnson, K. L. (1985). Contact Mechanics. Cambridge University Press.
[19] Johnson, K. L. (1997). Adhesion and friction between a smooth elastic
spherical asperity and a plane surface. Proc. R. Soc. London A, 453:163–179.
[20] Johnson, K. L., Kendall, K., and Roberts, A. D. (1971). Surface energy and
the contact of elastic solids. Proc. R. Soc. London A, 324:301–313.
[21] Jones, D. A., Smith, C. W., and McIntire, L. V. (1996). Leukocyte adhesion
under flow conditions: Principles important in tissue engineering. Biomaterials,
17(3):337–347.
18
[22] King, M. R., Heinrich, V., Evans, E., and Hammer, D. A. (2005). Nano-to-
Micro Scale Dynamics of P-Selectin Detachment from Leukocyte Interfaces. III.
Numerical Simulation of Tethering under Flow. Biophysical Journal, 88(3):1676–
1683.
[23] Korn, C. and Schwarz, U. S. (2006). Efficiency of initiating cell adhesion in
hydrodynamic flow. Physical Review Letters, 97(13):1–4.
[24] Lauffenburger, D. A. and Linderman, J. J. (1993). Receptors: Models for
Binding,Trafficking and Signalling. Oxford University Press, New York.
[25] Mani, M., Gopinath, A., and Mahadevan, L. (2012). How Things Get Stuck :
Kinetics , Elastohydrodynamics , and Soft Adhesion. Physical Review Letters,
108(22):226104–08.
[26] Marshall, B. T., Long, M., Piper, J. W., Yago, T., McEver, R. P., and Zhu, C.
(2003). Direct observation of catch bonds involving cell-adhesion molecules.
Nature, 423(6936):190–193.
[27] Moss, M. A. and Anderson, K. W. (2000). Adhesion of cancer cells to
endothelial monolayers: A study of initial attachment versus firm adhesion. The
Journal of Adhesion, 74:19–40.
[28] Peng, X., Huang, J., L., Q., C., X., and Fang, J. (2009). A method to determine
young’s modulus of soft gels for cell adhesion. Acta Mechanica Sinica, 25:565–
570.
[29] Reboux, S., Richardson, G., and Jensen, O. E. (2008). Bond tilting and
sliding friction in a model of cell adhesion. Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences, 464(2090):447–467.
[30] Reitsma, M., Craig, V. S. J., and Biggs, S. (2000). Measurement of the
adhesion of a viscoelastic sphere to a flat non-complaint substrate. The Journal
of Adhesion, 74:125–142.
[31] Shao, J. Y., Ting-Beall, H. P., and Hochmuth, R. M. (1998). Static and
dynamic lengths of neutrophil microvilli. Proceedings of the National Academy
of Sciences, 95(12):6797–6802.
[32] Sircar, S. and Bortz, D. M. (2013). Impact of flow on ligand-mediated bacterial
flocculation. Mathematical Biosciences, 245(2):314–321.
19
[33] Sircar, S., Younger, J. G., and Bortz, D. M. (2014). Sticky surface: sphere-
sphere adhesion dynamics. Journal of biological dynamics, pages 1–11.
[34] Sokurenko, E. V., Chesnokova, V., Doyle, R. J., and Hasty, D. L. (1997).
Diversity of the Escherichia coli type 1 Fimbrial lectin: Differential bind-
ing to mannosides and uroepithelial cells. Journal of Biological Chemistry,
272(28):17880–17886.
[35] Sokurenko, E. V., Chesnokova, V., Dykhuizen, D. E., Ofek, I., Wu, X. R.,
Krogfelt, K. A., Struve, C., Schembri, M. A., and Hasty, D. L. (1998). Pathogenic
adaptation of Escherichia coli by natural variation of the FimH adhesin. Pro-
ceedings of the National Academy of Sciences of the United States of America,
95(15):8922–8926.
[36] Somasundaran, P., Runkanan, V., Kapur, P., Stechemesser, H., and Dobia´sˇ, B.
(2005). Flocculation and Dispersion of Collodial Suspensions by Polymers and
Surfactants: Experimental and Modeling Studies. Coagulation and Flocculation,
126:767–803.
[37] Springer, T. A. (1995). Traffic Signals on Endothelium for Lymphocyte Recir-
culation and Leukocyte Emigration. Annual Review of Physiology, 57(1):827–
872.
[38] Tabatabaei, S. M. and Van De Ven, T. G. M. (2010). Tangential electroviscous
drag on a sphere surrounded by a thin double layer near a wall for arbitrary
particle–wall separations. Journal of Fluid Mechanics, 656:360–406.
[39] Tabor, D. (1977). Surface forces and surface interactions. J. Colloid Interface
Science, 58:2–13.
[40] Toika, G., Spinks, G. M., and Brown, H. R. (2000). Interactions between
micron-sized glass particles and poly(dimethylsiloxane) in the absence and
presence of applied load. The Journal of Adhesion, 74:317–340.
[41] Varenberg, M. and Gorb, S. (2007). Shearing of fibrillar adhesive microstruc-
ture: friction and shear-related changes in pull-off force. Journal of the Royal
Society, Interface / the Royal Society, 4(15):721–725.
[42] Von Byern, J. and Grunwald, I., editors (2010). Biological Adhesive Systems.
Springer-Verlag Wien.
20
[43] Zhang, J. X. J. and Hoshino, K. (2013). Molecular Sensors and Nanodevices:
Principles, Designs and Applications in Biomedical Engineering. Elsevier,
Waltham, MA.
[44] Zhu, C. (2000). Kinetics and mechanics of cell adhesion. Journal of Biome-
chanics, 33(1):23–33.
21
